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Abstract 

Multiloop superstring amplitudes are calculated in the explicit 
form by the solution of Ward identities. A naive generalization of 
Belavin-Knizhnik theorem to the superstring is found to be incor- 
rect since the period matrix turns out to be depended on the spinor 
structure over the terms proportional to odd moduli. These terms 
appear because fermions mix bosons under the two-dim. supersym- 
metry transformations. The closed, oriented superstring turns out to 
be finite, if it possesses the ten-dimensional supersymmetry, as well as 
the two-dimentional one. This problem needs a further study. 
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1 Introduction 



In the well known scheme [1-4] the superstring amplitudes are obtained by 
summation over the spinning string ones. Every spinning string amplitude 
does not satisfy supersymmetry. It turns out to be a source of serious diffi- 
culties [3,4] in the scheme above. Recently the manifestly supersymmetrical 
scheme has been proposed [5,6]. It generalizes the results of ref. [7] to the 
superstring theory. In the presented paper the discussed scheme [5,6] is ap- 
plied to the explicit calculation of the multiloop amplitudes in the closed, 
oriented superstring theory. We consider the even spin structures, the odd 
spin ones being planned to discuss in another paper. Also, we consider only 
the boson emission amplitudes. 

In the considered scheme the superstring amplitudes are calculated from 
equations that are none other than Ward identities. These equations realize 
the requirement that the superstring amplitudes are independent of both 
the "vierbein" and the gravitino field. The above equations determine the 
partition functions except only for arbitrary constant factors, some number 
of them being reduced by the supermodular invariance. To calculate ( in the 
terms of a coupling constant ) all these factors one should use the unitarity 
equations. Instead we use the factorization requirement on the superstring 
amplitudes when two handles move away from each other. So, the superstring 
amplitudes turn out to be fully determined by the gauge invariance together 
with the "factorization requirement" above. 

As soon as fermions mix bosons under the supersymmetry transforma- 
tions, the period matrix appears to be depended on the spinor structure in 
the terms proportional to odd moduli. Because of this effect the naive gen- 
eralization [1,3,4] of the Belavin-Knizhnik theorem [8] to the superstring is 
found to be incorrect. 

The problem of the divergences needs a further study even in the closed, 
oriented superstring theory. In this theory the possible divergences arise 
when the handles move away from each other. These divergences disappear, 
if the known " nonrenormalization theorems" [9] are valid. However, in the 
presented paper we do not verify the above theorems because of the mathe- 
matical complexity of this verification. 

A different approach to the discussed problems has been proposed recently 
in ref. [10]. 
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2 Superspin structures 



In the supercovariant scheme [5,6] a genus-n superstring ampHtude is found to 

be the sum over "superspin" structures integrated over (3n— 3|2n— 2) complex 
moduh. If all the odd moduli are taken to be equal to zero, then every genus- 
n superspin structure (/i, I2) is reduced to the ordinary (/i, I2) spin one. Here 
li and I2 are the theta function characteristics: {hjh) = [Js{hsj2s) where 
lis £ (0, 1/2). The (super)spin structure is even, if I1I2 — jy^^ihshs — 0. It 
is odd, if 4/1/2 = 1- 

To every (super)spin structure one can assign the "transition" group. 
The above transition groups are defined on the (1|1) complex supermani- 
folds [11] mapped by the supercoordinate t—{z\9); z is a local complex co- 
ordinate and 9 is its odd partner. The transition group is generated by 
its base elements (Ta^s, ^b.s) associated to the transition about the (a^, bs) 
cycles, respectively. For the description of the above transitions we use su- 
persymmetrical versions of the Schottky parameterization [12,13]. Then the 
above (ra^5,r(,^5) are determined by (3|2) complex parameters: two fixed 
supermanifold points — ('*^s|a*s) a-nd i^"-* — {t^sWs), as well as the mul- 
tiplier kg {\ks\ < 1, 1 argksl < n). The replacement —y/K presents 
the supermodular transformation that turns the genus- 1 superspin structure 
{lis = 0, /2s = 1/2) into the (/15 = 0, /2s = 0) superspin one. To construct 
supermodular invariant amplitudes we choose the set of transition groups 
to be consistent with the above supermodular transformation. Therefore, 
we require that transition groups assigned to the above genus-1 superspin 
structures turn into each other when —y/k^- 

If the odd parameters (fig, v^) are equal to zero, the base transition group 
elements can be chosen to be equal to (F^"], r["]) where 

rS(ii.) ^{z^z^e^ (-1)^'-^}, r,,,(/2.) = rg(i/2 - i2,s)v^:\ (i) 

Here V'f^={z {asZ + hs){csZ-\-ds)~^ ■, 9 — >• 9{csZ + ds)~^} and agds — hsCs = 1. 
The {as,bs,Cs,ds) can be expressed in the terms of above Us, Vs and kg, as 
well. The transitions (1) remain to be unchanged the supermanifold points: 
— ('^s|0) and = {vs\0)- For arbitrary odd parameters {iis,i^s) we 
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define the discussed base elements as [| 

r,,, = f,r(°)(/i,)f;\ r,,, = f,rg(/2.)f;^ = r„,,(i/2 - hs)Ts (2) 

where = rsr^"''!'^^ and Ts is a suitable transformation. It is convenient 
to require that t^-J and t^+J under the mapping. Then Tg 

is determined as 

ts- z = Zs + 9ses{zs), 9 = 9s{l + ese'j2) + Esizs); 
e's = d^es{z), Esiz) = [fis{z - Vs) - i^s{z - Us]{us - Vs)~^. (3) 

Being superconformal, all the above transitions preserve the spinor deriva- 
tive D{t) up to some factor. For arbitrary supersymmetrical transformation 
T = {t^tr = {zrit)\9rit))} this factor Qrit) is 

Qr\t) = D{t)9rit) where D{t) = 98, + de] D{tr) = Qr{t)D{t). (4) 

The fundamental domain on the complex z-plane is the region exterior 
to all the circlesiCi") = {z : \Qr, Ml = 1} and = {z : |Qp-i(t) = 1}. 

■ b,s 

We define the above region exterior (interior) to be the same as when all the 
odd parameters are reduced to zero. 

It is obvious from eqs. (1) - (3) that Ta^sihs = 0) = /, Tl^^lis) = I and 
^a,s{hs = 1/2) is given by 

r,,,(/i, = 1/2) = {z^z- 29es{z), 9 ^ -^^(1 + 2£VJ + 2£,(^)} (5) 

where Eg is defined by eq.(3). Therefore, for lis = 1/2 the cut Cg appears 
on the considered z-plane. One of its endcut points is placed inside the 
C^~'^ circle and the other endcut point is placed inside the C^'^'^ one. A 
superconformal p-form Fp{t) changes under the (Fq^s, T^^g) transitions {t — >• 
tr., =t^,t^tr,, =t^) as 

FM) = Fi'Kmjt), FM = FMQ'rJt) (6) 

where Fj^'^^t) is obtained by 27r-twist of Fp{t) about the C^~) circle. 

^ The below transition groups differ from the ones given in refs. [2,14] except only for 
the (lis = Oihs = 1/2) case. 
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The supcrspin structure 5*0 = Us(^is = 0, /2s = 1/2) has been considered 
in refs. [5,6]. It can also be obtained by the "naive" supersymmetrization of 
the boson string [14]. The superspin structures S{0, 12) — \Js{hs — 0, /2s) can 
be obtained from the above 5*0 by the ^/ks — > —Vks replacement for every 
associated with /2s = 0. For the remained even superspin structures the 
Green functions arc branched on z-planc that complicate their calculation. 
These superspin structures Sbr are considered below. 

3 Scalar supermultiplets 

The having zero periods vacuum correlation function of two identical scalar 
superfields can be written [2,6,13] in the terms of the holomorphic Green 
function R{t,t'), its periods Jr{t) and the period matrix u — {uJsr}- Owing 
to Bose statistics we have that R{t,t') = R{t',t). Also, 

Jr(t^,) = 4'\t) + 2m5rs, Jr(tl) = Jr(t) + ^mu.r (7) 

where {t t^^t ^ t^) transitions are the same as in eq.(6). We normalize 
R{t, t') by i? — > — — 99')~^ at 2; — > z'. Apart from unessential terms in 
R{t,t') due to the scalar zero mode, both R{t,t') and Js{t) are fully deter- 
mined by the equations: 

R{t:,t')=R^'\t,t'), R{tl,t') = Rit,t') + Js{t'). (8) 

In ref. [6] we calculated R in the explicit form only for the 5*0 superspin 
structure. Now we calculate it for every even superspin one. Instead of R{t, t') 
it is convenient for this aim to have deal with the Green function K{t, t') 
where K{t,t') — D{t')R{t,t'). Furthermore, we fix the above unessential 
terms in t') up to an additive constant by the requirement: — > at 
z ^ oo. Then K{t, t') — > at z — oo or ^' — > cxo. 

The 1/2-differentials ry^ are defined as 27Tir]s{t) = D{t)Js{t). For discussed 
S'br superspin structures all r]s appear to be branched, if odd parameters are 
unequal to zero. To obtain the normalization set for r]s we define for arbitrary 
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1/2-form Fi/2 the integral W,(Fi/2) asQ 



r at 

2mWr{F„2)r]r{t') = - j F„2{t)—K{t,t') = -EriF,/2,K) (9) 

Using eqs.(8) and(9) one can obtain the above Wr in the exphcit form that 
is omitted here. Also, it can be proved that 

27iiWr{Vs) = 5rs and W^iK) = (10) 

where Ws{K) is equal to ^^(^^1/2) at Fi/2{t') = K{t,t'). Eqs.(lO) are proved 
by moving to infinity the integration contour in J2r=i Fr{Fi/2, K) for F1/2 to 
be equal to 7] or K. Besides, the linear independence of the different r]s is 
taken into account. Eqs.(lO) turn out to be useful for the calculation of the 
Green function K{t,t'). 

If all odd parameters are equal to zero, K{t,t') reduces to K^°^{t,f) = 
Kb{z, z') + 9^{z, z'){z — z')~^. The Kb{z, z') is given by series over Schottky 
group elements [2,13]. The like series determining $(z — z')^^ may be di- 
vergent for the considered Sbr structures, but in any case $ can be written 
as 




[z-griz')][z'-grioo)]) e[h,hmco) 



where (f)r{z) = [z - gr{z)][z - gr{oo)]. (11) 

Here G is the theta function. The symbol J denotes set of (^J^°\z) — 
J^°\z')^ functions. To every T the mapping z 9riz) is assigned. The 
product n' includes all Schottky group elements T except only for T = L 

Odd parameters being arbitrary, to calculate Green functions K for the 
discussed Sbr superspin structures we construct the set {K^°^} of "master" 
Green functions. For every K[°\t^ t') its transition group elements associated 
with rounds about the (a<i,6s) cycles are constructed to be the same as for 
the truly Green function K{t,t'). However, the transition group elements 
associated with rounds of Kg about all the other cycles may differ from those 

^Throughout this paper the contour Cr is defined to surround {ci \Cr^'') circles 
together with the Cr cut, the Cr contour being closed to (Cr \ ci^\ Cr) above. Besides, 
dt = dOdz and J dOO ^ 1. 
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assigned to the above Green function K{t, t'). At last, Ks{t, t') ^ at 2; — > oo 
or z' 00. 

To calculate K{t, t') we start with the following relations: 
Kit,t')=Ki°\t,t')+Y.J Ki"\t,t")—K{t",t') for.= l,2...n. (12) 

Eq.(12) can be verified by moving of the integration contour IJ Cr to infinity. 
Then the nonzero contribution originates from the poles at z" = z and z" = 
z' . In the sum over r there is no the term corresponding to r = s. Indeed, this 
term can be written as 2mW siKf^^risit') where is defined by eq.(9) for 
Fi/2{i') = K^°\t,t'). So, this term vanishes owing to eq.(lO). For z ^[jCs 
we define the set K = {Ks{t,t')} by the relations: K{t,t') = Ks{t,t'), if 
z E Cs- The above set can be calculated from eqs.(12). As soon as the Cg 
contours can be moved, all the above Kg, in fact, determine the same function 
K{t,t'). So, a choice of either Kg to fit the discussed K is only a matter of 
convenience.^ The eqs. (12) for the above K set can be also written as 

K = K^°^ + K^°^K (13) 

where K^°^ = {K^°^}. The matrix K^°^ = {K^°^} is the integral operator, 
its kernel being K^°\ Here K^^^ is defined by the relations: K^^\t,t') = 
Ki°\t, t'), if 2 G Cs, z' G Cr and s ^ r; K^"^ = 0. 

Below we use two sets of master Green functions K^°\ Firstly, we con- 
struct K^"^ as 

K^f\t,t') = K^"\tgXWt')0's + KO'sHoo,z',) (14) 

where tg is calculated in the terms of t from eqs. (3). Then Kg can be cal- 
culated from eq.(13) by the iteration procedure, every posterior iteration 
being one more power in odd parameters than a previous one. Therefore, Kg 
appears to be a series containing a finite number of terms. 

The second set we construct in the terms of the genus-1 and genus-2 
Green functions. The genus-1 Green function we assign to every handle 
except only for handles associated with the odd genus-1 superspin structure: 
hs = hs = 1/2. The number of the latter handles is even for even genus-n 

■^We omit here the rigorous proof of this statement. 
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superspin structures and we group them into pairs. Then to every pair we 
assign the genus-2 Green function that is calculated from eq.(13), where K^""* 
are defined by eq.(14). The genus- 1 Green functions are given by eq.(14). 
We denote the considered set as + S where Kq is calculated at all the 
odd parameters to be equal to zero and S is proportional to odd Schottky 
parameters. Then eq.(13) can be turn into the following one: 

X = + S + ki°^t + (S + ^i°)s)X. (15) 

In eq.(15) the operator k'^^ (S) is related with kf^ ( S ) just as k^°^ is related 
with k^"'' in eq.(13). Besides, klf' — {-f^o? } where k'^} are expressed in the 

terms of the reduced Green function X^"): K^°J{t,t') = K'^°\t,t') at z E Cs- 
When K is determined one easy calculate the Green function i?(t, t') up 
to unessential additive constant. If z is situated near the Cg contour, it is 
convenient to write its periods Js{z) as 

Js^J^^^ + Y.^^SKsJi"^ (16) 
p 

where J^""* is the period of R'f^ corresponding to 27r-twist about the 65-cycle. 
The set k of the integral operators kpg is calculated from the equations: 

k = k'-"^ + k^°^k. (17) 

For z to be situated near the Cr contour (r 7^ s) one can write: 

Js = kif4"^ + y: Ki;^K,s4"\ (18) 
p 

The period matrix u turns out to be 

a;,, = 77(°)# + $^?7(°)^p,ji°) for r^s 

and uj,s=ujif + Y.vi"^K,ji''\ (19) 

In eq. (19) u^gf is the (ss) element of the period matrix associated with 
The integral operator J^°^ is defined for z e Cg, its kernel being Jj°^(t). One 
can verify from eqs.(19) that the period matrix depends on the superspin 
structure owing to the terms proportional to the odd parameters. It seems 
natural since these terms appear because fermions mix bosons under the 
supersymmetry transformations. 



7 



4 Ghost supermultiplets 



In the considered scheme [5,6] both the supermoduh volume form and zero 

mode contributions to the ghost determinant are counted by using of a suit- 
able ghost vacuum correlation function Ggh{t,t'). The discussed Ggh can be 
expressed [5,6] in the terms of the Green function G{t, t') and superconformal 
3/2- forms Xiv(t'), all they being fully determined by the relations: 



G{t, C) = QrlMG^'^t, t'), G(t, tf) = Qrl(t)G(t, t') (20) 

where A^,, = kr,Ur,Vr,fir or ly^- Furthermore, Q^'^Yq^N^ = dM^Qr + 7r^Ar,7r 
with q = a,b. The above Yg^N are power-2 polynomial in {z,9). For = 
1/2 the functions Yb^^^ have been calculated in ref. [6]. Both = (Qsllr) 
and — {Qrllr)) eqs.(20) are the same as in eqs.(6). The relations (20) 
generalize the results of refs. [5,6] to arbitrary superspin structures. 

For an arbitrary 3/2-form F3/2 we define the integral Hr^^{F2/2) by the 
relation: 



Using eqs.(20) and (21) one can calculate in the exphcit form, but we 
omit it here.Also, it can be proved that 



where Hjy^^G) is equal to iJjv^(F3/2) calculated at -^3/2(^0 = G{t,t'). Eqs. 
(21) - (22) are similar to eqs. (9) - (10) for scalar supermultiplets. 

If all odd parameters are equal to zero, the Green function G{t, t') is 
reduced to the Green function G^''\t,t') = Gb{z,z')9' + 9Gf{z,z'). Being 
independent of the spin structure, Gb can be obtained from the ghost Green 
function given in refs. [5,6]. The discussed Gf can be calculated in the terms 
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(21) 



and 



(22) 
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of Green functions G{a}{t,t') defined as 

where = ±1. So, G{a} depends on a choice of the {ag} set. In eq. (23) 
the summation performs over all Schottky group elements F, the base ones 
being Tg. The value Or({cs}) is 

^riWs}) = - E '^hs'JsCOsrTirir) + ^(2^2. - l)n.(r) (24) 

s,r r 

where nr{T) is the number of times that the F,. generators are present in F 
(for its inverse nr{T) is defined to be negative ). 

The changes of G^a} under the (t — > t|!) transitions are given by 



where \nX^) ^ JlhsO sJ s{t)\fh,NXt) (25) 

and X{o-},Ar^(t') are 3/2-forms. The discussed Gf{t,t') turns out to be 

Gf{t,t') = G^,y{t,t') -Y.HM{t)xN{t') (26) 



TV 



where HN{t) is Hn{F3/2) calculated at F3/2(t') = G{a}it,t'). The index 
labels the even and odd Schottky parameters. As soon as eqs.(20) determine 
Gf{t,t') in the unique way, Gf{t,t') given by eq.(26) is independent of {a}. 
Also, from eqs.(20) and (26) it follows that 

X{a},N = ^MN^N>{a)xN' where MN^N>{a) = HN>{x{a},N)- (27) 

N' 

For arbitrary odd parameters the discussed G{t, t') is calculated by the 
same method as K{t, t') considered in the previous section. 



5 Multiloop superstring amplitudes 

Using both the above Green functions and eqs.(22) for xn we calculate the 
partition functions from the equations derived in refs. [5,6]. Below we fix 
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(3|2) Schottky parameters {ui, t'l, U2. /ii, 1^1) to be the same for all the genus- 
n supermanifolds, the rest of (3n — 3|2n — 2) Schottky ones being chosen as 
moduli. In the closed, oriented superstring theory the m-leg, n-loop ampli- 
tudes are given by 

= ^" / E {det 27r[w(L) - ^IJ)]}-'Zl{N)Z^Bll, x 

(L,L') 

m 

HdN'dWUdtpdt; (28) 

AT' p=l 

where the line over denotes the complex conjugation, g is a coupling constant 
and N' label those Schottky parameters that are chosen to be moduli. 
The summation performs over all the super spin structures L and L' of the 
right and left fields. Also, Bll' — BLL'{{tp}, {tp}) are the vertex products 
integrated over fields. Using the boson emission vertices [13] and the results 
obtained in Sec. 3 of the presented paper one can calculate the discussed Bll' 
for the boson emission amplitudes. The fermion emission amplitudes need a 
further study. 

In eq.(28) the factors Zl[N) are holomorphic in N . Therefore, Belavin- 
Knizhnik theorem [8] is correct for every term in eq.(28), but its naive gen- 
eralization to is not true because the period matrix u = uj{L) given by 
eq.(19) depends on L. The discussed Zl{N) factors turn out to be 



= ^L^^L[(Ml-M2)(Wl-M2)-A*lA*2/2-t^lAi2/2] HK-^^r-Air'^r) ^- (29) 

r=l 



The factor z'^^ in eq.(29) is calculated at all the odd parameters equal to 
zero. The contribution of the odd parameters is counted by the factor Zl. 
In the equation for Z^^ a lot of terms vanishes because these terms can be 
written as exp[KiQr]{z — gT{z))~^Qr^{z)dNJr{z) integrated along Lie's- The 
result is 



(o) _ ^2](0|a;) exp[-7ri Ej,r hjhrOJjr] A 1 + VkjXj 



X 



e5[{0}, {l/2}](0|a;)^det M{a)M{-a) /=i kf^X. 
ii ii[l-Ar(<7)^-+V2][i_Ar(_^)A;-+i/2] 



(30) 
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where = (-l)(i-2%W and Ar(o-) = exp[7r?:fir({a,,})], the above fir({o-s}) 
being defined by eq.(24). The matrix M{a) is defined by eq.(27) and B is 
the theta function. The 9 in the denominator associates with the Sq spin 
structure. The product over (k) is taken over all multipliers of the Schottky 
group, which are not powers of other ones. In fact, eq.(30) does not depend 
on a choice of the {a} set because Green function G'/(t, t') given by cq.(26) is 
independent of {a}. To avoid misunderstanding we note one more that the 
right side of eq.(30) is calculated at all odd parameters to be equal to zero. 

To calculate the factor Zl in eq.(29) we use that both dNK(t,t') and 
dNG{t,t') can be written as the integral Hn{F^I2) defined by eq.(21) with a 
suitable -F3/2- For d^K the F3/2 form appears to be by-product of K and 
its derivatives in respect to z or 6*. For OnG the discussed F3/2 form includes, 
besides, by-products of 3/2-differentials and the factors that are power-2 
polynomial in {z, 9). For n = 2 we found that 

Zl = irace[-5X(°)x(°) + G^"^G^°^\/^ (31) 

where the operator is associated with the ghost supermultiplets in the 
same way as the integral operator K^°^ associated with the scalar ones. The 
operator K'^°^ is the same as in eq. (13), where K^°^ is defined by eq.(14). 
For n > 2 the result is 

Zl = trace[h ln(l - S - Si^^")) - ln(l - ^ - ^G^"))] + ^ Z^^) (s^, r^). (32) 

p 

In eq.(32) the operators G^q^ and ^ are associated with the ghost super- 
multiplets in the same way as K^^ and S associated with the scalar ones, 
both Klf' and S being the same as in eq (15). Every Z^'^\sp,rp) denotes the 
genus-2 contribution (31) due to the pair of handles (sp,rp), every handle 
being associated with the odd genus- 1 superspin structure. For all the above 
handles to be grouped into pairs, the summation performs over all the above 
pairs. The considered sum, as well as both S and ^, depends on a choice of 
the dividing of the considered handles into pairs, but Zl is independent of 
the above choice. 

6 The problem of divergences 

In eq. (28) the integration region over A^' is determined by the supermodular 
invariance. Without a loss of generality one can exclude from this region 
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those domains where some of the Schottky group multiphers k are near to 
one: /c ~ 1. Indeed, modulo of supermodular transformations, these domains 
are equivalent to those where some of kj are small: kj ~ 0. At kj — > we 
see from eq.(30) that Zl ~ kj^ for lij — 1/2 and ~ for hj — 0. 

However, in the sum(28) over (L) the above singularity kj^^^ is reduced to 
kj^. Besides, we have the factor (ln|A;|)~^ due to dct[uj{L) — uj{L')]~^ in 
eq.(28). As the result, the integral(28) appears to be finite at kj 0. 

Nevertheless, the problem of the finiteness of the considered theory needs 
a further study. It follows from eq.(29) that, beside the above singularities 
at kj — > 0, every Z^ has also the singularities at Uj — Vj — > 0. One can 
interpret the above limit as the moving of the j-handle away from the others. 
The contribution to A!^ from the region where Uj — — > appears to be 
proportional to 



/ 



d{ReUj)d{ReVj)d{ImUj)d{ImVj)dnjdujd^jduj 

1 Kn-l^l + [Uj - Vj) B\ 

\uj - Vj - HjVj\'' 



(33) 

where B is finite at Uj—Vj — > and Z^-i is the genus-(n-l) partition function. 
One can see that the integral (33) has uncertainty, if Z„_i ^ 0. The uncer- 
tainties of the same type arise also from the other regions, which correspond 
to the moving of the handles away from each other. The equality Zn = 
has been argued in ref. [9] under the assumption that the discussed theory 
possesses the ten-dimensional supersymmetry, as well as the two-dimensional 
one. So, if the above assumption is true, the closed, oriented string appears 
to be free from the divergences. However, we did not verify the discussed 
assumption because of the mathematical complexity of this verification. 
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